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Abstract Recently, A-Bernoulli and A-Euler numbers are studied in [5, 10]. The purpose 
of this paper is to present a systematic study of some families of the g-extensions of the A- 
Bernoulli and the A-Euler numbers by using the bosonic p-adic q-integral and the fermionic p-adic 
q-intcgral. The investigation of these A-g-Bernoulli and A-g-Euler numbers leads to interesting 
identities related to these objects. The results of the present paper cover earlier results concerning 
g-Bernoulli and <j-Euler numbers. By using derivative operator to the generating functions of A- 
g-Bernoulli and A-g-Euler numbers, we give the g-extensions of Lerch zeta function. 
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1. Introduction, Definitions and Notations 

Throughout this paper, the symbols Z p ,Q p ,C and <C P denote the ring of p-adic 
rational integers, the field of p-adic rational numbers, the complex number field and 
the completion of algebraic closure of Q p , respectively. Let N be the set of natural 
numbers. 

The symbol q can be treated as a complex number, q G C, or as a p-adic number, 
q G C p . If q G C, then we always assume that \q\ < 1. If q G C p , then we 
usually assume that 1 — q\ p < 1. Here | • \ p stands for the p-adic absolute value 
in C p with |p| p = i. The g-basic natural numbers are defined by [n] q = \^ q = 

1 + q + q 2 + ■ ■ ■ + q 71 ^ 1 (n G N) and [n]- q = — ■ In this paper, we use the 
notation 

1 - q x 1 - (-q) x 

[x\q = ~, and [x _ 9 = — — , see [1-19]. 

1 - q l + g 

Hence lim[a;]g = x for any x with \x\ p < 1 in the present p-adic case. 

For x G Zp, we say that g is a uniformly differentiable function at a point a G Z p , 
and write g G UD(Z p ), the set of uniformly differentiable function, if the difference 
quotients 

F g ( X ,y) = 9 M^ 
y-x 

have a limit I = g'(a) as (x, y) — > (a, a). For / G UD(Z P ), the q- deformed bosonic 
p-adic integral is defined as 

p"-i 

=0 



(1) I q (f) = / f(x)d t x q (x) = lim ^ /(^)nvT' see I 1 " 19 !' 
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(4) ql q (h) = /,(/) + (q~ l)/(0) + 2— /'(0), 



and the g-deformed fermonic p-adic integral is denned by 

/_,(/)=/ /(^^(z) = Hm ^/(a;)i^l, (sec [1-19]). 
For neN, let /„(» = /(a; + n). Then 

n— 1 

(2) = (-i) n i- 9 (/) + [^(-lr^-v/w- 

The classical Bernoulli polynomials B n {x) and the Euler polynomials E n {x) are 
defined as 

(3) ^Te- = ^„(,)- and ^ = 5>(*)^. 

x— x— 

The Bernoulli numbers _B„ and the Euler numbers E n arc defined as _B„ = B„ (0) 
and £„ = E n (0), (see [1-19]). 
From |T]), we note that 

log <J ' 

for /i(x) = /(a: + 1). By Q, we see that = 7 X (/) + f(0), (see [7]). 

Let u be algebraic in C p (or C). Then the Frobenius-Euler polynomials are 
defined as 

(5) lfJLe^ = f^ Hn {u,x)- v (sec [5]). 

n— 

In case x = 0, H n (u, 0) = H n (u), which are called the Frobenius Euler numbers. 

Let C p rz be the cyclic group consisting of all p n -th roots of unity in C p for any 
n > and T p be the direct limit of C p ™ with respect to the natural morphisms, 
hence T p is the union of all C p n with discrete topology. 

For A G T p with A ^ 1 , if we use ((U) , then we have 

(6) e ix X x dfii(x) = jJ—[- 
From ([5]), the A— Bernoulli numbers are defined as 

(7) X^l =efl(A)t = ^" (A) ^ (S6e[5]) 

with the usual convention of replacing B l (X) by Bi(X). Thus, Bk(X) can be deter- 
mined inductively by 



(8) A(B(A) + l) fe -B fc (A) = 



1, iffc = l, 
0, iffc>l, (see [5]). 

By the definition of the Frobenius-Euler numbers, we see that 

W T1 L T = Er\' ^ m + 1 ^ X ~ 1 \ m + i (see[7] 
w Ae* - 1 ^ (m + 1)! A - 1 v L J 

m— s 7 
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For m > 1 and A ^ 1, we have 

(10) B m (\) = / x m X x dfii(x) = —^-H m _i(X~ 1 ), (see [5]). 
We can also easily see that J z X x dfii(x) = and 

e*x = lim V — = V —Um V / x m X x d t i 1 (x)X x 

m^oo ^ Ae* — 1 ^— 'Tl m-> oo ^ L 

Consequently, we have 



AeTp 

A#l 



z — ' n 

AGT P 



AeT p n 



From (6) and (8), we note that 



B (X) = 0, B^X) = -J—, B 2 (A) = -- 2A 



A-l' zv y (A-l) 2 ' 
The Genocchi numbers are defined by the generating function 

1 TV. 



e 1 + _ 

n— 



These numbers satisfy the relation Go = 0, G\ = 1, G3 = G5 = • • • = G2fc+i = 0, 
and the even coefficients are G„ = 2(1 — 2 n )B n . 
For A e C p with |A| < 1, by (2), we have 

(11) / AVViW = y4t' 
Ap Ae* + 1 

By (11), we define the A-Eulcr numbers as follows : 

(12) _^_ = f;^ t - l (see [7,9,10]). 

n— 

Note that £ n (A) = ^ ^(-A^ 1 ). 
From (12), we can easily derive 

(13) / x n X x d f i. 1 (x)=E n (X) = -^—H n (-X- 1 ). 
Jl p A + t 

The A-Genocchi numbers are also defined as 

f It 00 t n 

Thus, we have G (A) = 0, d(A) = • • • , £„(A) = . 

In this paper, we study the g-extension of A-Bernoulli number and A-Euler num- 
bers related to Lerch zeta function. The purpose of this paper is to present a 
systematic study of some families of the (/-extension of the A-Bernoulli and A-Eulcr 
numbers by using the bosonic p-adic g-integral and the ferminionic p-adic (/-integral. 
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The investigation of these A-g-Bernoulli and A-q-Eulcr numbers leads to interesting 
identities related to these objects. The results of the present paper cover earlier 
results concerning g-Bernoulli and q-Euler numbers. By using derivative operator 
to the generating functions of A-g-Bernoulli and A-g-Euler numbers, we can give 
the g-extension of Lerch zeta function. 

2. (/-EXTENSION OF A-BERNOULLI NUMBERS AND POLYNOMIALS 

For A G T p , let us consider the ^-extension of A-Bernoulli numbers as follows. 



(14) 




From ([HI) ) we note that 





l-« 




l-(Xq l+1 )P 
1 - Xq^ 1 




Therefore, we obtain the following theorem. 



Theorem 1. For k G N U {0} and A G T p , we have 




Let F(t, A : q) be the generating functions of (3 n >q (X) with 



■DC 




n=0 



Then we have 



^ j-n p 

OO „ , n 

= E / 



(15) 



OO ^ k / j\ OO 

Ytw^Z E (J) (-D'C + 1) E A"^}^ 

£j=0 V y; i=0 V 7 m=0 

OC OC fe / , \ ,u 



fc=0 V m=0 2=0 v 7 

ljm l _ 

(l_ g )k-l ^ * " ~> q kl 

k=0 y ^' m=0 Z=0 v 7 



OO ^ OO / 7 \ 



fc=0 V ^ m=0 i=0 V 7 

Since i(>) = the first term of the last equation in (fT5|) equals 

oo oo k / , \ , ^ 



„ (l-#-'£v<-l/ 1 '«=-!)! 

OO OO 1 fc— 1 /, ,^ 

(16) =-E^ m A m {E7 r r^rE( 7 )(-i)V ro } 

m=0 fc=l V y/ Z=0 ^ 7 



(fc-1)! 

= -* E ^^ENgTy = -* E g 2m A m e [ml ' t . 



OO , i . 

fc! 

m=0 fe=0 m=0 



The second term of the last equation in (| 1 5|) equals 



~ 1 ^ J./C 

fc=0 V H ' m=0 



(17) =(!-«) E 9 mr EKu = (1 - «) E 1 m X m e^. 



'■k\ 

m=0 k=0 m=0 



From (|15[) . (fTfi| and (fTT|) . we obtain the following proposition. 
Proposition 2. Let F(<, A : q) = Aj-?(A)^t ■ 27ien we /icrae 



F(t, A : g) = -t ^ g 2m A m e H '' + (1 - q) <TA m e [ " 



.H,i 

i '» >- 

m— m— 
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Since q 2m = q m {[m) q (q - 1) + 1}, it follows that 
>/..,,«A) ^ 



d k F q (t,X:q) ] 



-k j2 ? 2m A m Nr i + a -i) e 9 mAm H? 

m= m— 

oo oo oo 

- 1) £ ? m A ro Mj - * ]T g^fm]*" 1 + (i - g) E « m A m M^ 

m=0 m— m— 

oo oo 

(1 - q)(k + 1) £ g m A m [m]* - k J2 Q m y n [m]g~ 1 . 



m— m— 



Therefore, we obtain the following theorem. 
Theorem 3. For fceNU {0} and A G T p , we have 

k , q (X) = (1 - q)(k + 1) £ g™A">]* - k £ ? w A"*[m]*- 1 . 

m— m— 

Now we consider another g-extension of A-Bernoulli numbers as follows. 
(18) B n>q {X) = [ q- x X x [x]^ q (x), 

From (fT5)) . we can derive 

B n , q (X) = [ q~ x X x [x] q d/j, q (x) 



-q) n Tl(i)L 



(1 



q-*(-iyX*q lx d N (x) 
I 



(l-g)n-l ^ '1-Ag' 

Thus, we obtain the following theorem. 

Theorem 4. For n G N U {0} and A G T p , we /law 

Z 



Let F*(t, X : q) be the generating functions of B n ^ q (X) with 



F*(U : g) = ^B n , ? (A)- 
n=0 
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Then we have 

F*(t,X:q) = VB„,,(A)-= f%^,(i) 

(1 - g)"- 1 ^ W J 1 - Ag' 

n=0 v ^ i=0 V 7 1 

00 00 n / 1 \ / n 

m=0 n=l v y/ ;=1 v 7 

00 00 , n 

m=0 n=l v y; 

00 00 ^ 1 «m\n -/-n+1 
= \ " \m m \^ V 1 g j 1 

2^ q 2-j (1-9)" n! 

m=0 n=0 v y/ 

00 

= -t E A m g m e [mI " t . 

m=0 

Therefore we obtain the following lemma. 

Lemma 5. Let F*(t, A : q) = J2^=o B n , q (X)^ . Then we have 

00 

F*(t, X:q) = -t^2 A m g m e [ml " t . 

m=0 

We also have 

r m d k F q (t, A : q) t V* ^imut-i 

mW = l*=°- -fc 2^ 9 A [mj g . 

^ ' m=0 

Therefore we obtain the following theorem. 

Theorem 6. For fceNU {0} and X e T p , we have 

00 

s M (A)=-fcE'? mAm Hr i - 



m=0 



3. ^-EXTENSION OF A-EULER NUMBERS AND POLYNOMIALS 



In this section, we assume that p is an odd prime number and A G C p with 
|1 — A| p < 1. By using the fermionic p-adic g-integral on Z p , we consider the 
(/-extensions of A-Euler numbers as follows. 

For n E N U {0}, we define the g— extension of A-Eulcr numbers as 

(19) E n . q (X) = f q- x X x [x] n q d^ q {x). 
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From (fT9|). we note that 

E n , q (\) = I q-*\*[x]»dn- q (x) 



1 + pN ^ 
lim V {-l) x \x\ n a \ x 

* x—Q 

Mi-J—V^V-l)' Urn 1 + gP Y 
[2], 1 



2 (l-g)"^ v /J ( ^l + ^A 

= _M JL _^^ ( _ 1) «_JL_ 

(i-?) n £^w i+s'A 

Therefore we obtain the following theorem. 
Theorem 7. For beNU {0}, we have 

Let A : g) be the generating function of E n ^ q (X) with 



n=0 



Then we have 



g(t,X:q) = Y^E n . q {\)- ^ q^Ve^d^x) 
= El/ q- x X x [x\ n q dtx- q {x)}- 

n=Q n[ 

= M-ft^t (?)(-»)■ iTSirls 

n=0 V yy 1=0 V 7 m=0 



oo oo 1 n / \ 

- [2], E (-!) m ^ m E TTT^yr E (") C" 1 )^ 

m=0 n=0 V H) 1=0 V 7 

oo oo , n 

= [2],^(-l)'"A^H^ 

m— n— 

oo 

= [2],^(-l) m re W ''. 

m=0 

Thus, we have the following lemma. 



I Am 



t" 



oo 



Lemma 8. Let g(t, X : q) = J] En,q (A) |tt • XTien we have 



n=0 

oo 

Q [m],t 



(20) ^,A: g ) = [2] g ^(-l) m A m eI 
By (l20l) . we can also consider the A-g-Genocchi numbers as follows. 

n OO OO 4-Tl 

(21) * / q~'\'e^ t dn- q {x) = [2} g t £ (-l) m X m e^ t = £ G„,,(A)-. 

•^ Z p m=0 n=0 

From (|2ip . we note that Go i9 (A) = and 

q-*\*[x]W- q {x)= Gn + 1 «[ X) . 



Thus, we see that 

G n +i,q(X) 



E n , q (X) = f q-*\*[x]»dn- q (x) 



n + 1 



Hence 

n-1 



where n = 1, 2, 3, • • ■ . Indeed, 
Gi, 9 (A) = 



[2], 



1 + A' 

2[2] * /1\ 1 _ [2], 2 2 

G2 ' ?(A) ~ v/ TT^a ~~ I - ? TTa ~ TTgA 

= ~ 2[2]qi (l + X)(l + qX) ] - 
Now, we consider the g-extension of A-Euler polynomials as follows. 

(22) E n>q (X,x)= [ q-yxy[x + y] n q d^ q (y). 



From ([22]) . we can easily derive 

OO 

Let A : g) — ^ E 7l]q (\, x)*-r. Then we have 

OO , n /. 

g(*,A:g) = Vfi„,(A, s)-r = / g-^e^W/x^y) 

n=0 ^ q ' 1=0 ^ ' m=0 

oo 

= [2] 9 ^(-l) m A m e [m+2 ^. 



m=0 
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It follows that 

E n<g (\,x) = ^M|Ai£ll | f=0 = [2] s f(-irA™[m + I ]J. 

^ ' m=0 

Then we obtain the following theorem. 
Theorem 9. For «eNU {0}, we have 

oo 

£„, g (A,x) = [2] q ^(-l) m X m [m + x]^ 

m=0 

By the same method, we consider the A-g-Genocchi polynomials as follows. 

« oo 

(23) t q- x X x e {x+v ^ t dn- q {x) = [2],t^(-l) ra A m e |ra+ll ' f 



EG„. 9 (A, x)- 



n=0 



By (gSJ), we see 



(24) E niq (\,x)= q-y\y[x + y] n q d^ q {y) 



G n+ l. q {X,x) 



n + 1 

and Go,g(A, x) = 0. From the definition of A-q-Euler polynomials, we derive 
E n , q {\x) = / 9 -»A»[a: + y]JdA»-,(l/) 

(25) = it(1)Mr l V lX [ q- v >?[y] q dH- q [y) 

1=0 W ^ 

= #-M?D-i) 8 a b / ^A^[^ + y ];u^(y,) 

for d G N with d = 1 ( mod 2). By (gS]), we see that 

En, q (\*)= = jh^lx^q^E^x) 
1=0 ^ ' 

= | k M^E(-l) a A a ^(A d ,^). 

It is easy to see that 

ql-M +/-,(/) = [2],/(0), 
where /i(x) = /(x + 1). Thus, we have 

9f/ 9-»- 1 A» +1 [a; + l + j / ]^ / i_,(j,)+ / <T^[x + y^-M = [2} q [x] n q . 

Therefore, we obtain the following theorem. 
Theorem 10. For neNU {0}, we have 

XE n>q (X,x + l)+E n>q {X,x) = [2] q [x] n q . 
By Theorem 10 and ([24]) . we have the following result. 



Corollary 11. For neNU {0}, we have 

XG n>q (X, x + 1) + G n<q (X, x) = [2} q n[x^-\ 
It is easy to see that 

^[x + y] n q = n[x + y}^^q*+y 

= n\ogq[x + y]^- 1 + ] ^ i n[x + y ] n q -\ 

From (f22|) . we note that 

(26) —E n , q (\,x) = — I q-y\y[x + y] n q dn- q {y). 



The right side of (f26|) equals 



nlogqj q -vxv[x + y]»dii- q (v) + ^nf <T»A»[a: + y\ n q d^ q {y) 
Jj, p 1 - 1 Jz p 

log q 

= n\ogqE n>q {X,x) + — — nE n _i tq (X,x). 

Therefore, we obtain the following lemma. 

Lemma 12. For hgN, we have 

d log q 

—E nA (\x) = n\ogqE nA {X,x) + — — nE n -i,q(X,x). 

Remark 1. Note that 
d 



G n ,q{\ x) = nE n -i iq (X,x) 



Remark 2. Note that 

E n , q {X,dx) = I q~ y X y {dx + y}gdn- q (y) 



[<-§r E(-i) a A a / [x + - + < d A<v^_ 



J 9 a=0 
n-l 



[2] 9 , ^ ' - * < d' 
for rfeN with d = 1( mod 2). 

For n £ N, it is known that 

n-l 

(27) <f /-,(/„) = (-l) n /_,(/) + [^^(-^""'"V/a). (^e [7]), 

1=0 

where f n (x) = f(x + n). By 1|27|). we obtain the following lemma. 
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Lemma 13. For n £ N, we have 

n-l 

q n I- q (f n ) + (-l)"" 1 /-^/) = [2], £(-l) n-1 "V/(0- 

2=0 

For n = 1( mod 2), we also have 

n-l 



g»/_,(/„) + /_,(/) = [2], ^(-l)V/(0- 

Z=0 

If we take f(x) = X x q- X [x] q n with m £ N U {0}, then wc sec that 

r. r. n—1 

q n q- x - n \ x+n [x + nY q n d^ q (x)+ / q-*\*[x\™dn- q {x) = [2] q ^(-1) ! A<[Z]™. 



Thus we have 



£7 m ,,(A,n) + E„ hq (X) = [2} q ^(-1)^]™. 



1=0 

For m = 1( mod 2), we note that 

m—l 

_ L ,„ J9 g v - , , ... ,.„,,. , .- 

[2], 

— L'"*Jq 

a=0 (=0 



[21 m 

B„, 4 (A,<fc) = -Lf-M;^(-irA"B„-(A'",-) 



m— 1 

n 1 



IK E ( / ) \< E ^ Xm ) E (-l)°A°?' a [a]^ 



Remark 3. TVoie tftaf 

G ! TO+ i i9 (A,n) G m+ i ig (A) 



+ m+1 =[2]g E(- 1 ) aA °^ 



m + 1 m + 

i — u 

Now we can also consider the following DC type A-g-Euler numbers and poly- 
nomials. For A £ C p with |1 — A| p < 1, wc define the DC type A-g-Euler numbers 

as 

K. g W = I \ x [x] n q d^ q {x) 

oo 

= [2] 9 ^(-l) m A m g m [m]^. 

m=0 

Let A : q) = E r T=o S n, 9 ( A )£r- Then we see that 



« oo 

S*(t, A : q) = / A*e [!B] «*d/i_ g (a;) = [2} q ^ (-l) m A m g m e [m] < ; 
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The DC type A-g-Euler polynomials are also defined as 
E* >q (\,x) = [ \y[x + y] n q d^ q {y) 



JLvf n V-# 1 



m=0 



Thus we can give the generating function of the DC type A-q-Euler polynomials 
as follows. 



oo „ oo 

n=0 ' z p m=0 



4. Further Remarks and Observation for the ^-extension Lerch zeta 

function 

In this section, we assume that q £ C with \q\ < 1. It is well-known that Lerch 
type zeta function is defined as 



C(x,s,a) = 22 



(n + a) s 



n=0 

where a £ C with a ^ 0, — 1, —2, • • • , and s £ C when |x| < 1, Re(S) > 1 when 
la; I = 1, and Hurwitz zeta function is defined as 



(n + a) 5 

where Re(S) > 1 and a ^ 0, —1, —2, • • • . The Lerch zeta functin is known that 

CM = E ^-r- = e 2ffi "C(e 27rin , 1), 

71=0 

where 77 £ K and i?e(5) > 1. 

Now we consider the first kind of the g-extension of Lerch type zeta function as 
follows. 

(28) C 9 (A, .) = (1 - q)*^ £ H=I + EtT. 

S - 1 1 H 1 MS 

rn— 1 L Jy m— 1 L J( * 

where q £ C with |g| < 1, and A £ C with A = e 2rri /t (/ £ N). 
By Theorem 3, we see that 

(29) - = {q _ !)*+! g g m A m [m]g + £ g-A-Hj- 1 , 

m— 1 m— 1 

for fc £ N. 

By (|28|) and (|29|) . we obtain the following theorem. 
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Theorem 14. For k eN, we have 

&(A,l-fc) = -^>. 

Now, we define the second of the g-extension of Lerch zeta function as follows. 
For s e C and A = e 2m / f (/ G N), define 



g m A r 



(3°) W) = £ „,„. 

m=l [mJ <? 

By Theorem 6, we easily see that 

(31) - = jr q m X m [m] k - 1 . 

m—l 

By (f30f and (f3Tj) , we obtain the following theorem. 
Theorem 15. For fc S N, we /lave 

C (A,l-fc) = -^#. 



Remark 4. TTie extension of Hurwitz's type q-Euler zeta function is defined as 



c^,»)^],r;t> 



m=0 L J 9 

w/iere s 6 C, A S C with A = e 27 ™/^ (/ e N). Th en we have 
t q {\,l-k)=E k>q (\,x), (fceN). 
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